Abstract: Black phosphorus nanoribbons (BPNs) might offer alternatives to narrow-gap compound semiconductors for tunable optoelectronics in infrared region. In this work we present a quantum perturbation theory on two-photon absorption (TPA) in monolayer armchair-edged black phosphorus nanoribbons (acBPNs) employing the reduced two-band model within the long-wavelength BP Hamiltonian. The matrix elements for one-photon transition have been derived and the TPA spectrum associate with intra conduction band transition and inter band transition have been drawn. The calculations predict that the TPA coefficient in acBPNs is in the magnitude of 10 −6 m/W in visible region, which is 4 orders higher than the conventional semiconductor quantum dots. And in infrared region, there is a giant TPA coefficient, which is mainly contributed from intra band transitions and can reach up to10 −1 m/W. The TPA peaks can be tuned both by the width of BPNs and the electron relaxation energy.
Introduction
Black phosphorus (BP), which consists of phosphorus atoms arranged to puckered layers with a honeycomb structure, is one of new two-dimensional (2D) materials [1] [2] [3] [4] [5] . BP has a layer-dependent direct bandgap varying from 0.3 eV for bulk BP to 2.0 eV for monolayer BP (also known as phosphorene), which can bridge the energy gap between zero-gap graphene and large-gap transition metal dichalcogenides (TMDs) [6] [7] [8] . So, it is a promising candidate for near-and mid-infrared opto-electronical applications [9] [10] [11] . The instability of the surface due to the chemical degradation in ambient conditions used to be a main problem to its prospective applications. However, the scientists have successfully solved the degradation problem in BP and mitigated the instability issue using many innovative approaches, such as surface functionalization or coatings, capping, and encapsulation [5, 12] . Similar to graphene nanoribbons [13, 14] , it is predicted that the electronic structure and the transport properties of confined black phosphorous nanoribbons (BPNs) will be much more abundant compared with the infinite sample, due to its crystal orientation and width dependent electronic states. Accurate knowledge of the nonlinear optical characteristics of BPNs is very important for design and optimizing its optical applications Recent theoretical studies of BPNs mainly focus on its electronic energy states on the base of the tight-binding approach [15, 16] or first-principles [10, 17] . The boundary conditions for BPNs have been proposed by Sousa et al. in the continuum approach, and they have investigated the energy spectrum of monolayer BPNs using a low-energy expansion of tight-binding theory for energy close to the Fermi energy level [16] . Carvalho et al. have examined the edge-induced states located in band gap in few-layer phosphorene employing density functional theory [18] . The theoretical treatment of nonlinear optical refraction and absorption in single layer BP has been presented by Margulis et al. And they explored the polarization dependent properties [19] . As far as the experimental studies are concerned, although the BP sample is instable in ambient conditions, there still have been a series of advances in experimental investigations into nonlinear optical (NLO) characters in limited layered BP or its different nanoscale forms, which are dispersed in organic solvents that shows no nonlinear properties under laser excitation. It is reported that the few-layer BP nanosheets possess giant saturable absorption (SA) response and the TPA coefficient is measured to be (4.16 ± 0.4) × 10 3 cm/GW by the OA Z-Scan and pump-probe spectra techniques [20] . Also, the SA measurements have been conducted by wide-band Z-scan technique. Three different sets of organic solvents (isopropyl alcohol, N-Methylpyrrolidone solvents and ethyl alcohol) were chosen to disperse BP flakes [9] . Wang et al. systematically investigated the excited carrier dynamics and NLO saturable absorption of liquid-exfoliated BP nanosheets over a broad wavelength range from 800 to 2100 nm [21] . The achievement of size-dependent SA and Kerr nonlinearity of BP nanosheets employing Z-scan and pump-probe technique was also reported by Xu and co-workers with pulse duration of about 635 fs centered at wavelength of 1562 nm [22] . In addition, Jiang's group has explored the broadband NLO properties of ultrasmall black phosphorus quantum dots (BPQDs) using OA Z-scan technique and the nonlinear absorption coefficients are found to be (7.49 ± 0.23) × 10 −3 , (1.68 ± 0.078) × 10 −3 and (0.81 ± 0.03) × 10 −3 cm/GW for 500, 700, and 900 nm [23] . Nevertheless, all of the experimental data lack the verification from the view of NLO theories.
Therefore, in this work we theoretically investigate the two-photon absorption properties of BPNs based on the electronic energy states obtained from the reduced two-band model within the long-wavelength BP Hamiltonian. We adopt the second order perturbation method of quantum theory to describe the interactions between electrons and photons. The analytical expression of two-photon absorption coefficient for armchair BPNs is derived. We simulate the TPA spectra associated with the intra conduction band transitions and inter band transitions respectively. It is found that the TPA coefficient in acBPNs can reach up to 10 −6 m/W in visible region, which is 4 orders higher than the conventional semiconductor quantum dots. And in infrared region, there is a giant TPA coefficient for acBPNs, which is up to 10 −1 m/W. However, the giant TPA coefficient in acBPNs is mainly contributed from intra band transitions. The TPA can be tuned both by the width of BPNs and the electron relaxation energy. These results can give suggestions to the optoelectronic applications as an optical limiter in visible or infrared region. It also can be applied to photonic cancer therapy [24] .
Theory and Calculations
The geometry of a monolayer BPN with armchair edges is illustrated in Figure 1 , where l 2 = 4.19 Å is the period constants for the nanoribbon along the y-axis. It is convenient to define the width W of a BPN by one half of the number of atoms N in the unit cell: W = (N − 1) l 1 /2. It is can be derived as following: if there is s (integer or semi-integer) units in the x direction, the number of the atoms in unit cell 2N = 4s + 2; Since the length of one unit in x direction is l 1 that the ribbon's width W = s × l 1 = (N − 1) l 1 /2. Employing the reduced two-band model, we can write the Hamiltonian of low-energy electrons and holes for monolayer BPNs as following [16, 25] ,
which acts on the eigenstate
where Ψ the total wave function of the atomic sites A, B, A and B . The parameters in the Hamiltonian, which has taken into account the hopping energies between the atoms in BP sheet and its lattice geometry, can be defined as following [16] :
Appl. Sci. 2019, 9, x 3 of 10 its lattice geometry, can be defined as following [16] : Bringing equations (1) and (2) into the Schrodinger equation H E Ψ = Ψ , we can get two coupled second-order differential equations. For armchair phosphorene nanoribbon (acBPN), considering the symmetries between sublattices owing to the D2h point group invariance of the BP lattice, these two coupled differential equations must be modified as
By solving the two differential equations, the general solution of the component φ + or φ − has the
φ t e t e t e t e (5)
The coefficients f and f in the exponentials are defined by series relation below can be derived from equations (5) and (6) at the boundaries: Bringing Equations (1) and (2) into the Schrodinger equation HΨ = EΨ, we can get two coupled second-order differential equations. For armchair phosphorene nanoribbon (acBPN), considering the symmetries between sublattices owing to the D 2h point group invariance of the BP lattice, these two coupled differential equations must be modified as
By solving the two differential equations, the general solution of the component φ + or φ − has the form
The coefficients f and f in the exponentials are defined by
where ε = E − α − γk 2 y and ε = E − α − γk 2 y . And the constants t j and p j (j = 1, 2) to be determined are related by
Appl. Sci. 2019, 9, 2014 4 of 10 with ζ= −(i/χk y )(ε + β f 2 and ζ= −(i/χk y )(ε + β f 2 . Since the width of the ribbon is W, i.e., 0 ≤ x ≤ W, a series relation below can be derived from Equations (5) and (6) at the boundaries:
Similar to the armchair graphene nanoribbons, the wave functions of both the atoms at the edges and their corresponding symmetry partners will vanish for acBPNs. Thus, the boundary conditions can be expressed as
Here it is defined F(x) = i=A,B φ i (x) and G(x) = i=B,A φ i (x). Applying the above boundary conditions to Equation (10) and eliminating the constants t 1 and t 2 , two algebraic equations can be obtained
Noted that ζ ζ, so we can conclude e 2 f W = 1 and consequently 2 f W = 2inπ(n = 1, 2, 3 . . .). And then the dispersion relation for acBPNs can be derived as
where k n =nπ/W which results from the assumption f = ik n is a pure imaginary number. It is found that when W → ∞ , the above dispersion relation is similar to that of bulk BP for k n ↔ k x . The wave functions of an acBPN are the combinations of all possible modes
where A n is the normalized constant. Based on the energy spectrum expressed by Equation (13), we calculate the width dependent band gap at the Γ point by taking the difference between conduction band and valence band where n = 1,
It is noted that the two-photon absorption coefficient is proportional to the two-photon transition probability rate, which can be furnished by the second order time-dependent perturbation theory as following [26] 
where E i , E f and E v represent the energy levels of the initial, final and intermediate states of a carrier, respectively. The electron-photon interaction Hamiltonian H int = (e/mc) A·p with m the effective mass of electron in acBPN, A = Ae is the vector potential of the light wave with the amplitude A and the polarization vector e, p is the electron momentum operator. Substituting the energy levels and wave functions for acBPNs we have obtained, the expression of matrix elements for one-photon absorption transition with the quantum numbers n i and n v can be written as
Here, δ i,j is the Kronecker function, and e x , e y are the orthogonal components of the polarization vector e. The two-photon absorption coefficient α 2 is proportional to the electron transition rate W (2) per unit volume through the following expression in the international system of units, under the incident laser excitation with the intersity I,
where the factor 1/(Wd) stands for the concentration of acBPNs per unit volume with W the width and d the thickness.
Results and Discussion
We now turn to the results of our numerical studies following the expressions derived above. Hereinafter, the calculations and discussions for monolayer acBPNs are using the following parameters [27] : µ 0 = −0.42 eV, η x = 0.58 eV·Å 2 , η y = 1.01 eV·Å 2 , σ = 0.76 eV, χ = 5.25 eV·Å, γ x = 3.93 eV·Å 2 , γ y = 3.79 eV·Å 2 , m = 1.03 m 0 , and d = 1.84 Å.
To demonstrate the modulability of the bandgap for acBPNs, in Figure 2 we show the bandgap as a function of nanoribbon's width, i.e., one half of the number of atoms N in the unit cell. It tells us the bandgap of acBPN can be tuned ideally from 8.5 eV to 1.6 eV by change the width of the nanoribbon. The wider the ribbon, the smaller the bandgap. Furthermore, the bandgap decreases sharply with the increase of ribbon's width for acBPNs with small width (N < 10), while it decreases gentlely for larger values of N. Actually, it can be derived from Equation (15) that E g → 2σ for N trends to infinite. This happens to be the situation of two-dimensional BP. For small values of N, the bandgap E g is in proportion to 1/(N − 1) 2 , i.e., 1/W 2 . We also can analyze several characters of energy band structure from Equation (13) . Firstly, the dispersion is discrete with the quantum number n in k x direction, but parabolic in k y direction; Secondly, the energy levels are of bilateral symmetry by E k y ,n = E −k y ,n , while E e k y ,n −E h k y ,n for conduction band and valence band. 
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We now turn to the results of our numerical studies following the expressions derived above. Hereinafter, the calculations and discussions for monolayer acBPNs are using the following To demonstrate the modulability of the bandgap for acBPNs, in Figure 2 we show the bandgap as a function of nanoribbon's width, i.e., one half of the number of atoms N in the unit cell. It tells us the bandgap of acBPN can be tuned ideally from 8.5 eV to 1.6 eV by change the width of the nanoribbon. The wider the ribbon, the smaller the bandgap. Furthermore, the bandgap decreases sharply with the increase of ribbon's width for acBPNs with small width (N < 10), while it decreases gentlely for larger values of N. Actually, it can be derived from equation (15) that Eg→2σ for N trends to infinite. This happens to be the situation of two-dimensional BP. For small values of N, the bandgap Eg is in proportion to 1/(N-1) 2 , i.e., 1/W 2 . We also can analyze several characters of energy band structure from equation (13) . Firstly, the dispersion is discrete with the quantum number n in kx direction, but parabolic in ky direction; Secondly, the energy levels are of bilateral symmetry by There are three transition modes for TPA depending on the initial, intermediate and final states: intra conduction band transition (all of the states are in conduction band), intra valence band transition and inter band transition (transit from valence band to conduction and any one can be the intermediate state). Adopting the TPA model presented in the previous section, the TPA spectra result from intra conduction band transitions and inter band transitions for acBPNs with three different width are respectively shown in Figure 3a ,b. We can see that the magnitude of two-photon absorption coefficient α 2 resulted from the transitions intra conduction band is about 10 −1 m/W for acBPNs with width N = 13, 14, 15. The main absorption peak locates at 0.5~0.8 eV. While associated with inter band transitions, the α 2 is in the magnitude of 10 −5 m/W, which is only 10 −4 of that originated from the intra conduction band transitions. Thus, the two-photon absorption is mainly contributed from the intra band transitions. Furthermore, it is found that α 2 increases and absorption peaks shift to lower energy direction with the increase of ribbon's width. Figure 3c illustrates the calculated peak value of TPA coefficient for N varied from 5 to 20 (W~0.6-3 nm) involving the intra conduction band transitions. This width dependence can be explained by the quantum size effect. Actually, the wider the nanoribbon, the larger the density of energy states. Thus, more two-photon transitions are involved in. We summarize the measured TPA coefficient of conventional semiconductor QDs, 2D graphene, transition metal dichalcogenides (TMDs) and BP by other group as well as our theoretical calculated values in Table 1 for comparison. We can find that, similar to other 2D materials, acBPNs have large TPA coefficient (~10 −6 m/W) in visible region, which is nearly four or more orders higher than that of conventional semiconductor QDs. According to the theoretical calculation, there is a giant TPA coefficient for acBPNs in infrared band, which can reach up to 10 −1 m/W. The BP nanoribbons possess so large TPA coefficient due to its in-plane anisotropy to large extent [5] . In graphene that is disk geometrical, the TPA transitions are only dependent on the scalar of momentum. While the TPA transitions in BP are dependent on the vectorial momentum due. If we simply change the polarization direction of the incident light, the TPA transition resonance frequency can be tuned continuously. As such, TPA resonance enhancement occurs a great deal. Also, it is theoretically predicted the "quasi-particle" energy band in limited-layer BP, where the quantum confinement is stronger than in other 2D material. [28] 6.4 nm 790 3.9 × 10 −13 CdS-Ag QDs [28] 10.1 nm 790 1.68 × 10 −10 CdTe QDs [29] 20 nm 1060 10 −10 Graphene [30] bilayer 780 (1 ± 0.2) × 10 -7 1100 (2 ± 0.4) × 10 -7 3000 2 × 10 -3 WS2 [31] monolayer 800 (3.7 ± 0.28) × 10 -6 MoS2 [32] monolayer 1030 (7.62 ± 0.15) × 10 -8 BP nanosheets [20] 2000 (4.16 ± 0.4) × 10 -8 BP QDs [23] 2-3 nm 500 ( [29] 20 nm 1060 10 −10 Graphene [30] bilayer 780 (1 ± 0.2) × 10 −7 1100 (2 ± 0.4) × 10 −7 3000 2 × 10 −3 WS 2 [31] monolayer 800 (3.7 ± 0.28) × 10 −6 MoS 2 [32] monolayer 1030 (7.62 ± 0.15) × 10 −8 BP nanosheets [20] 2000 (4.16 ± 0.4) × 10 −8 BP QDs [23] 2-3 nm 500 (7.49 ± 0. There is another parameter which will affect the magnitude of TPA coefficient, the relaxation energy τ appeared in Equation (17) . Relaxation energy-dependent TPA spectra are presented in Figure 4 . Since it is reported that the excited carrier recovery time is about 24 ± 2 fs in BP suspension at the pump-probe wavelength of 1550 nm and the carrier recombination time is between tens of femtoseconds to hundreds of picoseconds [33] . So, we show two-photon absorption spectra for three different relaxation energies τ = 0.01 eV, 0.03 eV and 0.06 eV, which correspond to relaxation times 60, 20, 10 fs. It can be drawn that the relaxation energy will not determine the position but the magnitude of the absorption peak. These properties can be interpreted from a mathematical perspective: When TPA resonant transition occurs, E v − E i = ω and E f − E i = 2 ω, then W (2) ∼ τ −2 , which means the absorption coefficient is inversely proportional to the square of relaxation energy. femtoseconds to hundreds of picoseconds [33] . So, we show two-photon absorption spectra for three different relaxation energies τ = 0.01 eV, 0.03 eV and 0.06 eV, which correspond to relaxation times 60, 20, 10 fs. It can be drawn that the relaxation energy will not determine the position but the magnitude of the absorption peak. These properties can be interpreted from a mathematical perspective: When TPA resonant transition occurs,
which means the absorption coefficient is inversely proportional to the square of relaxation energy. 
Conclusion
In summary, based on the reduced two-band Hamiltonian under long-wavelength approximation, we have developed a simple analytical TPA theory capable of providing an absorption spectrum simulating in acBPNs. With this theory, we have calculated the TPA coefficient of 2-3-nm-width acBPNs, which is up to 10 -1 m/W in the infrared region and 10 -6 m/W in visible region. This high absorption coefficient originates from the strong quantum confinement due to in-plane anisotropy, and it is mainly contributed from the intraband transitions. Also, we have explored the width dependence of TPA in acBPNs. Consistent to other quantum confinement materials, with the increase of acBPNs' width, the absorption peak shift to lower energy direction accompanied by the TPA coefficient increases, resulting from the quantum size effect. The carrier's relaxation energy will not determine the position but the magnitude of the absorption peak. 
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In summary, based on the reduced two-band Hamiltonian under long-wavelength approximation, we have developed a simple analytical TPA theory capable of providing an absorption spectrum simulating in acBPNs. With this theory, we have calculated the TPA coefficient of 2-3-nm-width acBPNs, which is up to 10 −1 m/W in the infrared region and 10 −6 m/W in visible region. This high absorption coefficient originates from the strong quantum confinement due to in-plane anisotropy, and it is mainly contributed from the intraband transitions. Also, we have explored the width dependence of TPA in acBPNs. Consistent to other quantum confinement materials, with the increase of acBPNs' width, the absorption peak shift to lower energy direction accompanied by the TPA coefficient increases, resulting from the quantum size effect. The carrier's relaxation energy will not determine the position but the magnitude of the absorption peak.
